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Fig. 1. A defocused view rendered using a thin lens model with 256 samples per pixel (SPP). Uniform lens sampling produces significant noise in complex

regions with defocused highlight spots. Area ReSTIR [Zhang et al. 2024], a path resampling approach, reduces variance to some extent. In contrast, our lens
importance sampling (LIS) method excels at sampling high-contribution regions, achieving a notably more accurate result.

We introduce a guided lens sampling method for efficient rendering of circles
of confusion (CoCs). While traditional Monte Carlo techniques simulate
depth-of-field (DoF) effects by perturbing camera rays at the lens, uniform
lens sampling often results in significant noise by failing to prioritize rays
toward highlight regions in the scene. Although path guiding has proven
effective for global illumination by learning importance distributions for
incoming radiance, no comparable guiding technique for CoCs exists, primar-
ily due to the strong parallax between adjacent pixels. We model highlight
spots in world space using a globally shared radiance field, which is then
transformed into lens space through a bipolar-cone projection to guide cam-
era ray generation. We implement this theory using 3D Gaussians, achieving
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fast, robust guiding with minimal computational and storage overhead, mak-
ing it suitable for production rendering. We also propose two extensions to
further enhance local adaptation. Our experiments show that this approach
significantly improves the sampling efficiency for CoC rendering.
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1 Introduction

Circles of confusion (CoCs) are a captivating visual effect in photog-
raphy, occurring when out-of-focus highlight points become large
blurred patterns in the image due to shallow depth of field (DoF).
The Japanese term bokeh, meaning "confusion” or “dullness,” is often
used by photographers to describe the aesthetic quality of CoCs.
In rendering, DoF effects have been simulated since the introduc-
tion of distributed ray tracing [Cook et al. 1984], which perturbs the
origins of camera rays at the lens. However, naive sampling with a
uniform disk distribution can result in significant variance, as only
a small fraction of camera rays are likely to intersect the tiny high-
light spots that contribute most to the CoC effect. An alternative
approach, commonly used in video games and many production
renderings, is to generate an all-in-focus image using a pinhole cam-
era model and then synthesize DoF in post-processing, often with a
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depth-conditioned Iter [Potmesil and Chakravarty 1981]. While
this method is e cient and noise-free, it can introduce noticeable
artifacts, such as halos around thin objects like hair.

While importance sampling of lenses remains underexplored,

point xg of a sensor poing and contribute to its measurement.
Naively distributing rays within the lens is ine cient for rendering

pronounced CoC e ects, as there is a low probability of nding
rays that contribute signi cantly to the e ect. However, to the best

some research e orts can be seen as attempts to alleviate the low of our knowledge, little work has been done to improve sampling

convergence e ciency of CoC-involved Monte Carlo rendering.

For instance, several Monte Carlo denoisers explicitly address the

handling of distributed e ects [Zwicker et al2015]. Recently, path
resampling has also been extended to CoC rendering [Zhang.et al
2024]. However, it still relies on uniform sampling, and the low
quality of the base distribution limits the improvements introduced
by resampling.

In this paper, we derive a generalized lens-space importance sam-

pling formulation from the measurement equatigheach 1998]
and present an unbiased guiding technique tleadplicitly impor-
tance samples the lens. This approach more e ectively distributes
camera rays toward highlight spots in the scene, enabling e cient
CoC-involved Monte Carlo rendering. Inspired imath guidingtech-
nigues in enhancing the rendering e ciency of global illumination,
our method adopts a similar pipeline that iteratively re nes the im-
portance sampling distribution using previously rendered samples.

However, the straightforward idea of directly maintaining the
sampling distribution in the lens space might not be viable. Even
neighboring pixels on the Im can exhibit drastically varying dis-
tributions of incoming radiance on the lens. Such strong parallax
presents signi cant challenges for tting and sampling within rea-
sonable computational and storage overhead.

We address this problem by maintaining a shared world-space
radiance eld, represented by 3D Gaussians that approximate high-
light spots. A novel bipolar-cone projection dynamically culls and
transforms this eld into lens-space distributions during sampling,
and two re nement techniques further mitigate parallax and occlu-
sion forimproved local adaptation. Integrated into a production GPU
path tracer, our method delivers robust and e cient CoC rendering
with minimal overhead, outperforming uniform lens sampling and
path resampling across diverse scenes.

To summarize, our main contributions include:

A generalized lens-space importance sampling formulation
derived from the measurement equation to guide camera ray
generation for e cient circle-of-confusion rendering;

A bipolar-cone projection scheme to connect spatial highlight
representations to local lens-space distributions; and

A robust, practical pipeline that integrates guided lens sam-
pling into a production GPU renderer, with re nement exten-
sions to handle parallax and occlusion.

2 Related Work and Background
2.1 Depth-of-Field Rendering and Circles of Confusion

Lens simulation plays an important role in Monte Carlo rendering.
Generally, two approaches are used: the thin-lens model [Cook.et al
1984], and the simulation of a complex lens system [Hullin et al
2012; Kolb et at1995]. While the latter provides extreme realism,
most movie productions opt for the thin-lens model because of its
e ciency and ease of use. As shown in Fig. 2, in the thin-lens model,
all camera rays originating from the lens disk pass through the focal
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e ciency in this context.

@
Symbol | Description
X2 Center of the lens
XB A point on the sensor
XE Focused point okg on the focal plane
X: A point on the lens
Xp A 3D point in the world space
s Optical axis
8 Direction of camera ray
G Ray distance (depth)
3k Focus distance
3B Distance between sensor plane and the lens
3p Distance between poir? and the lens plane
A Radius of the lens
Area of the lens
(b)

Fig. 2. Setup of the thin-lens model for a single sensor poigtEach camera
ray originates on the lens disk, convergesxt on the focal plane, and then
diverges. Herexg is the intersection of the line passing througks and the
lens centerxy with the focal plane. Denotations involved in our research
are described in (b).

Due to the ine ciency of synthesizing DoF e ects via Monte
Carlo simulation, post-processing methods are favored in video
games and much of production rendering. Potmesil and Chakravarty
[1981] demonstrated that DoF e ects can be synthesized by distribut-
ing energy in the image plane, which can be interpreted as ltering.
Other post-processing approaches [Leimkihler et24118; Mitchell
and Netravali 1988] also apply Itering to reduce noise and enhance
image quality, but they often fail to capture the visually appealing
characteristics of CoCs. With the advancement of deep learning,
data-driven approaches have been explored [Ignatov e2@P0;
Luo et al 2023]. However, their heavy reliance on datasets may
con ict with the demands of production rendering for novel visual
designs. Worse still, post-processing approaches are known to have
accuracy issues, as they cannot correctly capture view-dependent
e ects, such as partially occluded spots and specular re ections.
Therefore, for high-quality production rendering, distributed ray
tracing remains the typical choice despite its low e ciency.
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Fig. 3. For the same highlight point that creates a CoC, the optimal distri-
bution on lens for di erent locations on sensor varies significantly, posing
challenges for modeling with existing path guiding techniques.

2.2 Importance Sampling

Importance sampling is a key technique for variance reduction in
Monte Carlo integration. In rendering, it has been extensively ap-
plied to BRDF sampling [Lawrence et @D04], light sampling [Veach
and Guibas 1995b], volume rendering [Kulla and Fajardo 2012], and
even pixel Iltering [Ernst et al 2006]. However, applying impor-
tance sampling directly to lens systems for DoF rendering remains
largely unexplored, due to the di culty of modeling the spatially
varying distribution.

ReSTIR methods [Bitterli et 82020; Lin et al2022; Talbot et al
2005] introduceaesampled importance samplifiglbot et al 2005]
into real-time path tracingArea ReSTIRZhang et al 2024] extends
this concept to DoF and anti-aliasing by reusing samples from neigh-
boring pixels. However, because it relies on uniform lens sampling,
the bene ts of resampling can be limited by the quality of the ini-
tial samples. In contrast, we directly importance sample the lens.
Furthermore, our technique is orthogonal to Area ReSTIR and can
be integrated to provide higher-quality candidates for resampling.

2.3 Path Guiding

To address the challenge of determining appropriate distributions
a priori, adaptive importance sampling, often referred toeth
guidingin the rendering context, has been introduced to iteratively
t and re ne the importance sampling distribution. Our method can
also be classi ed as a guiding technique that progressively learns
the distribution for importance sampling a lens.

The choice of distribution representation is a key factor in u-
encing both the learning e ciency and sampling quality of a path
guiding method. Some approaches employ explicit data structures
for partitioning spatial and directional distributions. For instance,
Muller et al. [2017] introduced the spatio-directional tree (SD-Tree)
structure inPractical Path GuidinPPG), and Lu et g2024] pro-
posed tting the global radiance distribution as voxels. Many meth-
ods also leverage parameterized distribution models, with the expo-
nential family playing a central role [Dodik et a022; Huang et al
2024a; Ruppert et al. 2020; Vorba et al. 2014].

As shown in Fig. 3, the target sampling distribution in lens space
varies signi cantly across the sensor plane, making direct tting
challenging. Therefore, we chose to learn a global distribution in
world space and developed a technique to transform it into the local
lens space when sampling camera rays. Inspired by Huang.et al
[2024b], we found 3D Gaussians well-suited for this purpose.

3 Method Formulation
3.1 Generalized Lens-Space Importance Sampling

As discussedin Y 2.1, DoF e ects are typically simulated using a thin-
lens camera model, where camera ray origins are uniformly sampled
on the lens disk. In the following, we demonstrate that by deriving
from the measurement equati¢each 1998], lens sampling can be
generalized to accommodate arbitrary sampling distributions in the
lens space. This formulation reveals that uniform sampling is a sub-
optimal sampling technique for a speci ¢ sample weighting function,
with its ine ciency stemming from neglecting the distribution of
incoming radiance at the lens.

3.1.1 The measurement equation for thin-lens canEnassensor
measurement!xg® at a pointxg is the result of an integral over
the weighted incoming radiance carried by rays passing through
the lens atx.. In the thin-lens model, all rays that reach the sensor
point xg must converge at the same poirg on the focal plane. As
shown in Fig. 2 (a), for a thin lens centered at theand a sensor
point xg on the sensor, the corresponding focused poirpt on the
focal plane is a function okg:

3k X2 XB |,
cos\. kxo xgk?
where3g denotes the distance from the focal plane to the lens; and

\. the angle betweey xgand the optical axis. For any point,
the ray should converge atg, hence

Xp = FIXg® =x2,

@)

XE X;
kX|: X; k2

8 ' )

With ! 1x.°© being the radiance reaching from direction8, we
formally de ne the measurement equation for sensor poiy as
1
Xg? =, 4'xp8g°! 1x.°jcos\gjd8 g 3)
where denotes the integral domain of all possible ray directions
from the lens disk toxg ; 8 g the corresponding ray direction on the
sensor side; 4'xp*8 g° is the sensor response function; andos\ gj
accounts for the angle betweeg and the optical axis.

To facilitate the derivation that follows, we now x a sensor point
xg and suppress its explicit appearance in the notation for clarity.
All subsequent expressions in this section are implicitly conditioned
on this xed xg, and the formulation remains valid for arbitrary
positions on the sensor plane.

3.1.2 Lens-space importance samplingcalculate Eqg. (3) with
Monte Carlo integration, we may use some distributién 1x°,
which is de ned on the lens area, to sample points on the lens
and obtain an estimate:

il = 19 pafjcost§ ! '
XBl—j?szl )1X_8° ?1X_8° 4)
where
8.2
)1x_80:u (5)
; jcos\ §j

is the inverse of Jacobian of the area-to-solid-angle transformation.
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The rst term of the summand in Eq. (4) can be interpreted as a
sample weighting function for the lens samples (note that for any
point x. there is always a corresponding 18 °):

, 4'8F°jcos\gj,
) lx;o

Therefore, given a weighting function, we can use arbitrary lens-
space distributions to sample a lens poit construct the camera  Fig. 4. The visible volume for poini on the sensor can be described as a
ray x. , @B°, and evaluate its contribution with path tracing. bipolar cone (masked in shadow).

This perspective naturally leads to the objective of our lens-space
importance sampling technique: by learning a lens-space sampling
distribution ? that (approximately) satis es 3.2.1 The bipolar-cone visibility volungnce all rays reaching the
sensor akkg must converge akg, as shown in Fig. 4, only spatial
points within the bipolar-cone volume xg°, formed by connecting
there is a high likelihood that we can reduce the estimation variance th€ circumference of the lens tr and extending the cone, can
in CoC-involved Monte Carlo rendering. contribute to the rendering. Based on this model, we can de ne

a culling function Cx°, conditioned onxg, to decide if a world-

3.1.3 Revisiting uniform lens sampliAg.readers may notice, con-  space poink lies within + tx°. C can be practically evaluated by
ventional renderers [Pharr et a023] that use uniform lens sam-  checking whether the line througlx and xg intersects the lens
pling, ?» 1x.© = 1 typically average radiance samples as follows: plane within radiusA therefore it also has a directional for@18 °.

, x.°=

(6)

Pix.0/ , 1x.©0 11x.% @)

16 16 1 1x80 3.2.2 Decomposition of the lens-space sampling distribien.
h 1xglix = i 1X8° =z 1X§3° m (8 de ne a world-space continuous radiance eld : R3 S?1 R
&1 &1 ' ; where' >1x+8 ° denotes the outgoing radiance at spatial position
This implies a speci c choice for the sample weighting function: in direction 8." > is treated as a volumetric eld, continuous and
1 integrable overR3. Since all radiance along paths convergingeat
, o X0 =P Ix 0= 27 9 contributes to the measurement ag, with proper culling, it can be
expressed as
From the perspective of lens-space importance sampling, as de- 1
ned in Eqg. (7), using the uniform disk distribution ts perfectly IxgP = , XOCKO' Sixel w1 xO3X” (12)
with this specic, = . However, it completely ignores the incoming R®

radiance at the lens, leading to ine ciency in the presence of CoCs. Alternatively, from the perspective of rays originating &, Eq. (12)
Notably, although our lens-space importance sampling formula- can be reformulated as a spherical integral:
tion can adapt to other sample weighting functions, to align with '

the rendering results of the de facto uniform lens sampling scheme, IXg? = , 18oC18°" sixp, B8 °@dcds ” (13)
we use the same weighting function as in Eq. (9). In this case, the ) _0 _ S
objective distribution previously de ned in Eq. (7) becomes This perspective leads to a spherical distribution:
1

2150/ |« 1.0 !1x;°:E l1x.0/ I1x.0 (10) 2U°0=2, 18oCHe 'sixp, Be8°CGdCe  (14)

and we may estimate the measurement integral as where2 = L is the normalizing constant. On the other hand, we
HeriOn 16 1 1 a also have 1
X I = - =" —_ ”
s # g1 7OXP X =, X O ixodx (15)

Since Eq. (12) and (15) calculate the same integral with di erent

3.2 Bipolar-Cone Distribution Projection measurements, we derive the relationship between distributions

In practice, directly tting the lens-space distributiof?oix;", which with accounting for the change in measurement:
corresponds to a given sensor poirg, is inherently challenging.

This is due to the signi cant variability of?olx;° across di erent ?1x.0=2 , 1x0l1x.0=p 180 71 8°V4i2-
sensor pointxg, making it di cult to model and t accurate distri- ' ’ ' kg xk

(16)
where\ is the angle betweexxg  x. and the optical axis, and
in the thin-lens model, botl8 and 8 lead to the same.. By
incorporating' > , we obtain a projection:

1

butions across the entire sensor plane.

To avoid these issues, we propose a hipolar-cone projection tech- .
nique that transforms world-space spatial distributions into the
local lens space. Our key insight is that, by leveraging the focusing

characteristics of the thin-lens model, thg-dependent distribution 5 1y 0 R o Ccos\
?le;° can be decomposed into ag-conditioned projection of an ?ix0=2, 18°C8 1 >'Xp, B8 CaC KXg X k2
xg-independengpatial distribution. a7)
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